DECOMPOSING BOREL FUNCTIONS USING THE 
SHORE-SLAMAN JOIN THEOREM 
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^A Abstract. Jayne and Rogers proved that every function from an analytic 

^~^ , space into a separable metric space is decomposable into countably many con- 

^vj ■ tinuous functions with closed domains if and only if the preimagc of each F a 

set under it is again F a . Several researchers conjectured that the Jayne- Rogers 
theorem can be generalized to all finite levels of Borel functions. In this paper, 
C ~) , by using the Shore-Slaman join theorem on the Turing degrees, we show the 

following variant of the Jayne-Rogcrs theorem at finite and transfinite levels 
of the hierarchy of Borel functions: For all countable ordinals a and /3 with 
C^ ' a < /3 < a-2, every function between Polish spaces with small inductive dimen- 

• **"| , sion ^ oo is decomposable into countably many X° , . -measurable functions 

with Tli domains and a sequence {7(n)}„g It , such that 7(n) + a < /3 if and 
only if, from each S^ , t set, one can continuously find its SS +1 preimagc. 

>- ! 1. Summary 

00 

q>. ■ 1.1. Introduction. In the early 20th century, Nikolai Luzin asked whether every 

\Q | Borel function on the real line can be decomposed into countably many continuous 

functions. The Luzin problem was negatively answered in the 1930s. Then, which 

^+ | Borel functions are decomposable into continuous functions? In the end of the 

19th century, Baire introduced a well-known hierarchy of real functions by iterating 
pointwise limits of continuous functions. A famous theorem by Lebesguc, Hausdorff, 
and Banach states that every real function is of Baire class a if and only if the 
preimagc of each open set under it is a Borel set of rank a + 1, i.e., a S° +1 set 
in the well-known Borel hierarchy. One can introduce finer hierarchy of Borel 
functions than Baire's one. For countable ordinals a, j3 < u)\, a function is called 
Cd ■ ~^a,P ^ the preimage of each S° set under it is S^. Then, where is the boundary 

of decomposability in the hierarchy of Borel functions? 

A remarkable theorem proved by Jayne- Rogers pj] states that the £2,2 functions 
are precisely the A§-piecewise continuous functions, where for a class T of Borel sets 
and a class J- of Borel functions, we say that a function is T-piecewise T (denoted 
by the symbol dec Q .F if T is a delta class A^) if it is decomposable into countably 
many J-"-functions with T domains. Subsequently, Solecki |25j showed a dichotomy 
for Borel functions (see also (T6 | fT9 l [21] ) to sharpen the Jayne- Rogers theorem by 
using the Gandy-Harrington topology from effective descriptive set theory. 

More recently, a significant breakthrough was made by Semmes |23j . who used 
several variations of Wadge games with priority argument to show that on zero- 
dimensional Polish space uj u , the 21)3,3 functions are precisely the Ag-piecewise 
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continuous functions, and the S2.3 functions arc precisely the Ag-piecewise Si] - 
measurable (i.e., ^1,2) functions. The countable decomposability at all finite levels 
of Borel hierarchy have been studied by Pawlikowski-Sabok [T5] and Motto Ros 
[16j . Naturally, many researchers expected that the Jayne- Rogers theorem and the 
Semmes theorem could be generalized to all finite levels of the hierarchy of Borel 
functions (see Q] QH UM 122] ) ■ 

Decomposability Conjecture (see [T|)J Conjecture 1.6]). On separable metric 
spaces with analytic domain, S m+ i.„ + i = dec n+ iSi jn _ m+ i holds. In other words, 
the S„ l+ i.„ + i functions are precisely the A.^ +1 -piecewise S„_ m 1 ^-measurable func- 
tions at all finite levels m,n £ uj. 

In this paper, we introduce the notion of the S^o functions, which are more 
amenable than the E Qj/ 3 functions. Roughly speaking, a function is said to be S^^ 
if a continuous function witnesses that it is S Q]/ 8, that is, a continuous function 
maps each code of a S° set to a code of its SS preimage (For precise definition, 
see Definition II. 2 jl . One can also realize this notion by introducing lightface (i.e., 
computable) versions of the S Q]/ g functions and rclativizing them by oracles. 

Here, we should emphasize the significance of the concept of decomposability 
in computability theory and computer science. As typical examples from compu- 
tational complexity theory, nonuniform complexity classes are usually defined as 
classes of problems that are feasibly solvable with advice strings, that is, classes of 
problems solved by piecewise feasible functions. For several applications of nonuni- 
form computability on countably-based topological spaces, see [U[27j. Moreover, 
it is important to note that a certain type of computational learning process (such 
as the identification in the limit) can be captured as the A^-piecewise continuity 
[HJEIE]. Further, as a type of piecewise continuity, the concept of laycrwise com- 
putability based on Luzin's theorem in measure theory is playing a greater role in 
the algorithmic randomness theory and effective probability theory [10] 1 14] . 

Our main theorem states that for all countable ordinals a and /?, every E^^ a , 1 
function between quasi-Polish spaces with small inductive dimension 7^ 00 is de- 
composable into a countable list {F n } neuj of functions such that each F n is S° ( , +1 - 
measurable for some ordinal "/(n) with 7(71) + a < j3. Furthermore, if a < j3 < a ■ 2, 
a function between Polish spaces with small inductive dimension ^ 00 is E^, 1 n +1 
if and only if it is decomposable into such a list {F n } n£u with dom(F„) is A° +1 . 
This can be considered as a partial solution to the decomposability conjecture. To 
achieve our objective, we employ the Shore-Slaman join theorem on the Turing 
degrees to show the lightface (i.e., computable) version of our main theorem, and 
then, we obtain the boldface theorem by relativizing it. 

1.2. Preliminaries. For the basic concepts of computable analysis, see Weihrauch 
[26] , and for (effective) descriptive set theory, see Kechris [13] and Moschovakis [15] . 
The set of all natural numbers is denoted by uj, and for a set S, the set of all 
finite sequence of elements in S is denoted by S I<LJ . The notation / :C X — > Y 
denotes that / is a partial function from X into Y. For any reals X, Y e u u , the 
symbol X <t Y denotes that X is Turing reducible to Y; X © Y to denote the 
real Z with Z(2n) = X(n) and Z(2n + 1) = Y(n). Given X e lo u and e, n, m e uj, 
the notation <& e {X;n) = m denotes that the e-th Turing machine with input n 
and oracle X halts and outputs the value to. As usual, we sometimes think of 
each Turing machine $ e as a partial function from uj u into oj u , where its domain 
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dom($ e ) is the set of all oracles X such that $ e (A; n) is defined for all n £ u>. Let 
X' denote the Turing jump of X, that is, the halting problem relative to X, and 
let X^ a > denote the a-th iterated Turing jump of X for every computable ordinal 
a. 

Let u) u denote a Baire space of infinite sequences of natural numbers, that is, the 
topological product of countably many discrete spaces w. A representation of a set 
X is a partial surjection from a;" onto X . A partial function / between represented 
spaces (X, p) and {y,p') is said to be continuous (respectively, A-computable) if 
there exists a continuous (respectively, A-computable) function g :C w w — > w w such 
that p' o g(x) = / o p(x) for all x £ dom(/ o p). An element x £ X is said to be 
X-computable if p _1 {x} contains an A-computablc element. 

Recently, the Borcl hierarchy on arbitrary topological spaces was slightly modi- 
fied by several researchers (see [71 [55]). For a topological space X, an open subset 
of X is called £°, and the complement of a S° set is called 11° for every a < wi- A 
subset of X is £° (or a Borel set of rank a) if it is of the form [Jnew ^™ \ ^n, where 
for each n £ u>, A n and B n are S» for some j3 n < a. A subset of X is called A° 
(or a Borel set of ambiguous class a) if it is both £° and 11° . If A? is mctrizablc, 
this definition is equivalent to the classical Borcl hierarchy. 

Recall that every countable ordinal can be represented by a countable well- 
founded subtree of u <ul . Given a well-funded tree W C w <aJ , let \W\ < oj\ denote 
the ordinal rank of W. We can safely assume that for every node a £ W, either it is 
a leaf (i.e., a terminal node) or <r~n £ W for all n £ u, where a^n is concatenation 
of a and the one-bit string (n) . We use the symbol () to denote the empty string. 

To represent the family ^? w \ (X) of all Sj^, subsets of a represented space (X, p), 
we will define a total representation pw : T'{u < ^) — > H? W ,(X), where an effective 
bijection between ui and uj <uj is fixed. Let {O n }„g w be an enumeration of an open 
basis {p(Ia) '■ o- £ oj <uj } of X, where I a is the clopen set generated by a finite string 
a, i.e., I a = {p £ u> u : p >- a}. For each set T C w <aJ , we can effectively produce 
the tree T\ w = {a £ W : (Vr ^ a) r £ T}. 

Definition 1.1 (Borel code up to the rank of T). For each T C w <w , pw(T) is 
the unique S° W ,,(A') set represented by the Borel code T\w in W. In other words, 
for each string a £ W, we define a S w -i(A') set [<t]t|w by transfinite induction as 
follows. 

(1) If (} is a leaf of W, [()] T]W = 0. 

(2) If a £ T\w is a leaf of W, but not a root, then [cj^^ = O ni where n is 
the last letter of a. 

(3) If every immediate successor of a £ T\w is a leaf of W, then 

Ht|h-' = |J{0„ : a~n £ T| w }. 

(4) Otherwise, [c]t|w is defined as follows: 

Mt|w = [J{[f 7 "2n] T | M / \ [o~2n + 1]t\w '■ &~2n, a~2n + 1 £ T}. 

Then, p w {T) is defined to be [Q) T \w- A subset of X is SJ^j if it is an (X © W)- 
computable point in the represented space (E,f v ,(X),pw) for some W. A subset 
of X is II, ' | if it is the complement of a E, ' set, and it is A, ' , if it is both £ ' 



and n°^. 
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Given an oracle X £ 2", as usual, let O x denote Klcenc's system of ordinal 
notations relative to X . The least ordinal that is not computable in X is denoted 
by uj x , and the ordinal less than uj x represented by a £ O x is denoted by |a|ox. 
Note that there is a partial computable function W :C 2" x ui — > V(u> <u ') such that 
for every l£2 u and a £ O x , we can obtain a well-founded tree W x = W(X, a) C 
w <w f ran ]j a _ |a| A- such that every S° set has a Borel code of the form T|jyx 
for some T C w <w . 

Definition 1.2. Let I 6 2" be a real, let a,/3 < u> x be ordinals, and let <Y and 
y be represented spaces. A function F : X — > y is £~^g (respectively, £> X t p) if it 
is E a ,/3, and the function F~ x : (TP a {y) 1 pv) — > {TPp{X),pw) sending each S° set 

5 C y to its preimage F~ 1 (5) C <Y is continuous (respectively, A-computable) for 
some (respectively, A-computable) well-founded trees V, W C w <LJ with |V| = a 
and \W\ = /3. 

To emphasize its domain and range, we sometimes write F £ Tr^JX, y) (re- 
spectively, T, x o(X,y)). A £i ]Q , function and a E^-computable function are often 
called a S°-measurable function and a S° ,x -computable function. 

A representation is p :C w u — >• ,Y is admissible if for every partial continuous 
/:C w" -> A", there exists a partial continuous g :C oj" — > uj u such that / = p o g. 

Remark 1.3. In [5], de Brecht-Yamamoto showed that for all countable ordinals 
a, a function between admissibly represented spaces is £°-measurable if and only 
if it is S^„. Therefore, we have E ljQ C ^ +/ia+p . In general, S^ C S^. 7>/8+7 
holds for all ordinals a, /3, 7 < Wi- The effective hierarchy of Borel functions at 
finite levels has also been studied by Brattka [2]. 

Remark 1.4. It is known that every countably-based To space has an admissible 
representation. A separable completely metrizable space is called Polish, and a 
countably-based completely quasi-metrizable space is called quasi-Polish. In [7] , de 
Brecht showed that a countably-based space is quasi-Polish if and only if it has a 
total admissible representation. 

Hereafter, all represented space which we will mention are assumed to be admis- 
sibly represented. 

Definition 1.5. Let J 7 be a class of partial functions from a represented space X 
into a represented space y. 

(1) A function F : X — > y is countably T (denoted by dec J 7 ) if there is a 
countable partition {Qi}i<= u of X such that F \ Qi £ T for each i £ u>. 
Moreover, if each piece Qi can be chosen as a A^ set, then F is said to be 
AP a -piecewise T (denoted by dec Q J-"). 

(2) A function F : X — > y is countably So -computable (denoted by decS^o 
if there is a countable partition {Qi}i£ U of X such that F \ Qi is So' - 
computable uniformly in i £ u>. Moreover, if {Qi}i<= u is uniformly A° ,Y , 
then F is said to be A^ Y -piecewise EJ -computable (denoted by dec Q Tj X a). 

The X J2 functions have been studied by Pauly-de Brecht [18] , who showed that 
two equalities E 2 2 = dec 2 S 1 1 and S^ = dec2Si,i hold. It is easy to see that 
dec/jE^ = E~^g holds. 
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Example 1.6. (1) S x Q+1 (2") % decSi iQ (2") holds for each a < uj^' k . In- 

deed, the a-th Turing jump j( a > : 2" — > 2" is £" +1 -computablc, but is not 
countably X°-measurable. 
(2) Let %q : R — )• 2 be Dirichlet's nowhere continuous function. Then, \Q G 
S 3j3 n dec3S lil; but x® £ £1,2- 

Later, we will use a notion of topological dimension. The small inductive dimen- 
sion of a topological space X is denoted by ind(<Y), which is inductively defined 
as follows: The dimension of the empty set is —1, i.e., ind(0) = — 1. For any 
ordinal a and nonempty space X ', ind(Af) < a if for every point x £ X and every 
open neighborhood U 3 x there is an open set V C U containing x such that the 
dimension of its boundary dV is less than a. The dimension ind(A") of X is the 
least ordinal a with ind(A") < a if such a ordinal exists. Otherwise, we say that X 
has dimension oo. 

Remark 1.7. Motto Ros, Schlicht, and Sclivanov [17l Theorem 4.21] showed that 
for every uncountable quasi- Polish space X of small inductive dimension ^ oo, 
there is a bijection h : u> u — > X such that h is Aj-piccewise continuous and h~ l is 
Afj-piecewise continuous. 

We will call such a bijection h a level 3/2 Borel isomorphism (or simply, a 3/2- 
isomorphism) . Moreover, for instance, if a space X is the Euclidean n-space W 1 or 
the unit n-sphere S n , it is computably 3/2-isomorphic to Baire space w", where a 
bijection h : w" — > X is called an X -computable 3/2-isomorphism for some oracle 
X € 2 U if h € dec 2 S^ and /i _1 <G dec 3 £ij. This is because the boundary sphere 
dB(q; r) of each rational open ball is Ti\ uniformly in its center q with ratio r, and 
the LT" set X \ (J r dB(q; r) is computably homeomorphic to a LT° subspace of w w 
(see also [17l Theorems 4.7 and 4.21]). 

1.3. Main Theorem. By j3— a, we denote the smallest ordinal 5 with S + a > j3. 
To present our main theorem, we use the notation Yl 1 raz a \ = U-y<fi- Q ^1,7+1 • 

Theorem 1.8. Let X and y be quasi-Polish spaces with ind(A^),ind(3^) 7^ 00, and 
let a < (3 < lui be countable ordinals, where we assume that y is Polish if a = 1. 
Then, we have the following inclusions. 

dec 0+1 i: lt( ^ a) (x,y) c nz +ltfi+1 (x,y) c decs li( ^ a) (^,y). 

Theorem 1.9. Let X and y be quasi-Polish spaces with mA{X), ind(y) 7^ 00. For 
any countable ordinals a, /3 < u>i with a < /? < a ■ 2, we have the following equality. 

^ +1J+1 (x,y) = de C p +1 ?: U(!Za) (x,y), 

where we assume that y is Polish if a = 1 . 

Corollary 1.10. Let X and y be quasi-Polish spaces with ind(A'),ind(3^) 7^ 00. 
For any natural numbers to, n £ uj with to < n < 2m, we have the following equality. 

Ti m+ln+1 (X,y) = dec n+ i'Ei !n - m+ i(X,y), 

where we assume that y is Polish if m = 1 . 
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2. Main Tools 



2.1. Shore-Slaman Join Theorem. The key lemma used in our proof of Theorem 
11.91 is a join theorem concerning the class of a-REA operators shown by Shore and 
Slaman. Here, a function F : 2" — » 2^ is called an a-REA operator if it is £° +1 - 
computablc, and there is a computable function it such that ir o F = id2^ . We will 
use the Shore-Slaman join theorem only for the a-REA operator J^ : x H> x' a \ 

Theorem 2.1 (Shore-Slaman Join Theorem [24). Let a be a computable ordinal. 
The Turing degree structure (2?t, <,',©) satisfies the following formula, for each 

k G lu. 

(Va,b)(3c>a) [((V/3 < a) b ^ a (/3) ) -► (c (q) < b © a (a) < b © c)]. 

For a = 1, it is exactly the Posner- Robinson join theorem J5D]. Historically, 
Jockusch and Shore |12j were the first to ask whether the Posncr-Robinson join 
theorem can be generalized to all n-REA operators for n £ lu. The main tool for 
addressing their question was introduced by Kumabc and Slaman, who showed the 
join theorem for a = lu (for Kumabe-Slaman forcing, see also Day-Dzhafarov [5]). 
Finally, Shore and Slaman proved the join theorem for all computable ordinals 
a. It is noteworthy that by combining it with the Slaman- Woodin double jump 
definability theorem, they showed that the Turing jump is first-order definable in 
the partial ordering (T>t, <) of the Turing degrees. 

We employ the Shore-Slaman join theorem to show our main theorem. For 
Corollary 11.101 with m = n, we only require the Shore-Slaman join theorem for 
a = 1, i.e., the Posner-Robinson join theorem. To show Theorem 11.91 on all levels 
of Borcl hierarchy, we need the Shore-Slaman join theorem for all countable ordinals 
a < wi- By analyzing the proof of Shore-Slaman [24], it is not difficult to see that 
their theorem can be generalized to all countable ordinals a < lu x , for any Ie2 u . 
Here, lu x is the least countable ordinal that is not computable in X. 

Remark 2.2. Here, the notion d" could be ill-defined. Therefore, if X is fixed, 
by dS a '- x ) only for d > x, we denote the a-th Turing jump relative to X, which is 
defined along with Kleene's system O x of ordinal notations relative to X. Then, 
the notion d^ Q ^ = d^ a ' x ' for d > x and a < cu x turns out to be well-defined, as in 
Spector's uniqueness theorem. 

Lemma 2.3. Let X G u" be a real of Turing degree x, and let a < lo x be a 
countable ordinal. The Turing degree structure (T>t, </,©) satisfies the following 
formula, for each k <G to. 

(Va,b)(3c>a©x) [((V/9 < a) b g (a©x)<">) 

-> (c( Q > <bffi(affix)( Q ) <bffic)]. 

2.2. Boldface versus Lightface. 

Lemma 2.4 (Relativization I). Let X and y are represented spaces, and let a, (3 < 
lo\ be countable ordinals. A function F : X —} y is S^o if and only if it is Y, x a 
for some X G 2 U with a, f3 < io x . 

Proof. Assume that topological spaces X and y are represented by p x and p y 
respectively, and that a function F : X — s> 3^ is S^o. Then, there are well- 
founded trees W{a) and W{/3) with \W(a)\ = a and |W(/3)| = j3 such that 
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F- 1 : (E°(y),p& (a) ) -»• (£°(*)>Pwxs)) is continuous. In particular, it is X- 
computable for some Xe2 u with a, (3 < u> x . □ 

Lemma 2.5 (Rclativization II). Let X and y are represented spaces, and let a, (3 < 
lo\ be a countable ordinal. A junction F : X — >• y is dec^Si^ if and only if it is 
dec^E^ for some R G 2" with a, (3 < to x . 

Proof. Assume that we have a countable partition {Xj}j eu such that Xj G A„ 
and Fi — F \ Xi is S°-mcasurable for each i G u. Recall that X and y always 
assumed to have admissible representations. Therefore, Fi is S^ a for every i <E lu 

as mentioned in Remark ll.3l Select an oracle Q G 2 LJ such that a,f3< wf . Then, 
for each i G w, X, is rL^ 1 for some real Xi G 2", and Fj is E°' Ciffi( 2-computable for 
some real c; G 2". Consider functions p, q : uj — > w such that X; is the p(i)-th A/' 
set and Fj is the g(i)-th partial E^^^-computable function for each i e w. Put 
X = Qep©g©0 iew Xi©0 ietJ a. Then, {Xj} iew is uniformly A°' X and {Fj} iew 
is uniformly E° ,x -computablc. D 



The inclusion dec^+iS]^ in^ a \ C 52 ^+i $+1 m Theorem 11.81 can be easily shown 
by relativizing the following lemma. Here, recall from Remark 1 1.41 that every quasi- 
Polish space has an admissible representation. 

Lemma 2.6. Let X and y be represented spaces. Fix an oracles X , and ordinals 

a < /3 < ui x . 

dccf +1 j:f (pZa} (x,y) c z x +h0+1 (x,y). 

Proof. Assume that F : X — > y is Ao^-piecewise E ' _. .-computable. Fix an 
incomputable sequence {P e }eew °f Ap +1 (X) sets such that H e = F \ P e is 
E ', . 1 (A')-computable, where 7(e) < /3—a. Then, for each E Q \ ±(y) set S C y, 
the preimage F~ 1 (S) is the union of {H ( r 1 (S) n P e }eeuj- Note that H ( T 1 {S) is 
E '(n +q+1 , and the condition 7(e) < /3—a implies 7(e) + a < (3. Thus, H~ l (S) 

n y 

is Eo' +1 , and its index is computed from any index of S and e by the uniformity. 

Thus, F~ l (S) = {JeiHe 1 ^) n p e) is S a'+u and wc can effectively calculate its 
index. Hence, F is a E^ +1 o +1 -function. □ 

3. Proof of Main Theorem 

3.1. Uniformity of Borel Functions. Hereafter, we assume that every count- 
able ordinal a < u)\ is represented by some well-founded tree W(a) C u) <ul without 
mentioning, and for every represented space (X, p), the class of all S° subsets of 
X is implicitly assumed to be endowed with the topology given by the representa- 
tion pw{a) ■ Each lightface subpointclass E^ x is thought of as a subspace of the 
represented hyperspace (52° (X),pw(a))- 

Definition 3.1. Let X G 2 W be a real, let a,(3 < ui x be ordinals, and let F be 
a function between represented spaces X and y. Let T and A be relativizable 
pointclasses. 

(1) The notation F" 1 : T -> A denotes that S G T(y) implies F" 1 ^) G A(Af). 

(2) Let Z be a represented space. We write F _1 r x C z A x if F _1 o^iZ-} 
A X (X) is X-computable whenever 5 : Z — > r (3>) is X-computablc. 
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Lemma 3.2. Let X G 2 U be a real, and let a, f3 < lo x be ordinals. If F : X — > y 
is a ^ x a function and Z is a represented space, F~ 1 Yj^ x ® y C z £„' holds for 

allY gV. 

Proof. Because F" 1 : ^ X ® Y -> Yp p x ® Y is computable. D 

Lemma 3.3. Fix an oracle X G 2 U , and fix a, (5 < uj x . For every function F : 
X — > y and every represented space Z, if F~ 1 Y, a+1 C z So' +1 , F~ l Y^ x C z S; +1 
and [IF- 1 ^^ C z £°£ hold. 

Proof. Since II°< X C E^, for every £°- x set Acy, the preimages F'^A) and 
CF-\A) =F~ 1 (y\A) are £°£. D 

3.2. Turing Degree Analysis. 

Lemma 3.4. Let X G 2" be a real, and let a, (3 < u> x be ordinals. Assume that 
a function F : D — > E satisfies F~ l Yi a ' +1 C w So 1 , 1 , where D and E are subsets of 
w<". IfD is S"^ 1; (F(x) © X)( Q ) < T (x © X)W fcoMs /or any .t G L>. 

Proo/. Note that S X = {z € E : (z ® X)^(e) = 1} is S°(-B). Moreover, the 
function 5 X : a; — > T,^(E) sending e to S x is X-computable. Hence, by Lemma 
1331 F-^jCF" 1 ^ : w -^ £° +1 are X-computable. Let o~ D denote the Dirac 
measure centered on x £ D, that is, for each A C. D, 8®(A) = 1 if x € A and 
8® (A) = otherwise. Let 8®^ +1 '■ So +1 (-D) — > § denote its restriction to the class 
Sfl+i(-D), where S = {0,1} is Sicrpinski's connected two-point space, whose open 
sets are {0, {1}, {0, 1}}. Then, note that 8% ' p+1 is E^-computable. 

To determine whether F{x) G S x , that is, to determine the value of S F ',^- ) S x (e), 
we first note that 8%} a ,S x = 8^^+ 1 F- 1 S x and 1 - 6%}° S x = 8^^ +1 ZF~ 1 S x are 

P \x) x P {x) x 

Sa'fj-computable as functions from Ypn +1 (D) into §. Hence, 8 F )° c - ) S x is £«+{ - 
computable as a function from SS , 1 (-D) into a discrete two-point space 2. Since 
^f(x)S X i s the characteristic function of (F(x) © X)( a \ we obtain the inequality 
(F(x) © X)( Q ) < T (x © -X")W for any x £ D. □ 

Lemma 3.5. Lei l£2 a fee a reaZ, let a < (3 < uj x be ordinals, and let D be a 
E»' j subset of u u . Assume that F : D — > uj u is a '£> X +1 « +1 function. Then, for 
every x G D, there is an ordinal 7 < j3— a such that F(x) <t (x © X)^' holds. 

Proof. Fix a S^ +1 n +1 function F : w w — > U) u . Then, by Lemma 13.21 we have 

p- 1 ^*® 2 C u S°'^® z for any z G U u . By Lemma EU the function F must 
satisfy the inequality 

(1) (F(x) ® X ® z)( a) < T (x@X@z)W 

for any z G w w and x € D. Suppose that there exists x G £> such that F(x) ^t (x© 
X)^ 7 ^ holds for any 7 < j3— a. Put j/x = F{%) and ij = x © X. By the inequality 
(TTJ) with z = and from the definition of /3— a, we have y£ <t x£ <t x£ " ■ 

Therefore, there is an ordinal 7 < a such that y\! <t x x~ a ■ Fi x the least such 
ordinal 7 < a. Wc now have the following condition: 

yf £t x^f a+9) for all 9 < 7, and y™ < T x$^ . 
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Let a be the Turing degree of xx , and let b be the Turing degree of y^ ■ By 
the Shorc-Slaman join theorem (Lemma 12. 3p with such a, b and /3— a + 7, and by 

selecting z G c, we have z >t %x such that z^~ a+1 ^ =t %x " 7 — t Vx ® z i 
since 7 is the least ordinal such that y^ <t Xx~ a . As 7 < a, there is an 
ordinal 9 < a such that 7 + 8 = a. Then, we obtain the following: 

xf <t x ( t a+a) ^t (4^ Q+7) ) W =t (y&> ©*)<*> 

<T(2/A-®^) (7+e) =T(2/X©^) (Q) . 

Moreover, by the inequality ((T|) and by the property of x, 



(yx®z) (a) <t{x x ®z) 



(« ^ T Z<« ^ T zf 



since /3— a + 7 < /3. By combining the two inequalities above, we have xj^ <t Xx , 
which is a contradiction. Therefore, for any x G D, there must exist an ordinal 
7 < /3-q such that f(x) < T (x © X)W holds. □ 

Lemma 3.6. Let a, f3 < u* be countable ordinals, and let D be a subset o/u u . 
Then, a function F : D -^ uj u is of class decE^ a+1 if and only if the following 
condition holds: 

F(x) < T (x © X) {a \ for any x G D. 

Proof. (=>) Fix a countable cover {Xi}nz u of D such that F \ Xi is E Q ' +1 -computable 
for each i G lu. By the universality of the Turing jump, there is a sequence of indices 
{e(i)}i &ul such that for each i G U), 

F(x) = $ e{l) ((x(BX) {a) ;x), for any x G D. 

O) Conversely, define Q e = {xeD: $ e ((x © A)( Q )) = F(»)}. For any x G D, 
if a function satisfies -F(x) <t (a; © X)( Q ), there is an algorithm e G ui such that 
F(x) = $ e ((xffiX)( Q )). Therefore, U e Qe = D. Finally F e = $ e ((x © X)^) 
is E a ' +1 -computable for each e G u, and F f Q e = F e \ Q e , for each e G w, as 
desired. D 

Corollary 3.7. Let a, j3 < W^ fee countable ordinals, and let D be a E„' 1 subset 
of u 00 . Then, we have the following inclusion. 

E* +W (A^) C decEj^-^CAw")- 

Proof. By Lemma [3.51 we have F(a;) <t (a; © A)( Q ' for any a.- G D. Thus, by 
Lemma 13.61 F is countably E ' - , . D 

J ifi-a) 

Corollary 3.8. Let X G 2" be a real. Let X and y be represented spaces that are 
X-computably 3/2-isomorphic to U) u . For any ordinals a, (3 < u>* with j3 > 2, we 
have the following inclusion. 

^a+i,p+i(X,y) C dec x ^ Za) (X,y). 

Proof. If a = 0, it is obvious. We assume that a > 1. Let px ■ u" — )• A" and py : 
u) u -> ^ be X-computable 3/2-isomorphisms. By Lemma [2. 6[ we have hx,hy G 
dec„ +1 E^ C Ef +la+1 and h^^hy 1 G dcc^ +1 E^ 1 C E^ +1 ^ +1 . Assume that 
F : X — >• y is a E^ +1 g +1 function. It is not hard to see that the function hyFh^, 1 : 
uj u ->• w w is E^ +li/S+1 , since ft,^ 1 G E^ +1/3+1 and hy G E* +lQ+1 . By Corollary 
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13.71 we can see that hyFh x l is contained in the class dec "E*^ .. Consequently, 
F = hyh y 1 Fh x h x 1 G dec x £* z holds since hy, h x l G dcc x Ef 1 . O 

Proof of Theorem \1.8l The first inclusion follows from Lemma 12.61 via Lemmas 12.41 
and 12.51 We show the second inclusion. If a = 0, it is obvious. If a = (3 = 1, it 
follows from the Jayne- Rogers theorem |llj . Therefore, we can assume that a > 1 
and P > 2. As mentioned in Remark 11.71 if the small inductive dimensions of X 
and y are not oo, they are level 3/2 Borel isomorphic to u> u . Thus, by relativizing 
Corollary 13.81 via Lemmas 12.41 and 12.51 we can obtain the desired inclusion. □ 

Given classes T and Q of partial functions on the real line R, consider the fol- 
lowing cardinal invariant: 

0ec(/, Q) = min {card(C) :\JC = R, and {/ \ C} Ce c Q Q} , 

uccp 7 , G) = sup{5ec(/, e):/eJ, and dom(/) = R} 

The cardinal number 0ec(J r , Q) is called the decomposition number of T with 
respect to Q (see also Solecki [25]). Recall that the real line K is computably 
3/2-isomorphic to Baire space w w . Therefore, Corollary 13.71 can be rephrased as 
follows: 

3.3. Complexity of the Decomposition. In [7J Lemma 29], dc Brccht showed 
an extension theorem concerning S"-measurable functions between quasi-Polish 
spaces. In the case of computably presented Polish space, we can show an effective 
version of the extension theorem. 

Lemma 3.9 (Effective Extension Lemma). Let a < lo x be a countable ordinal. 
Let X and y be represented spaces with y Polish. For any partial £^' -computable 
function F :C X — > y, there is a II a \ j set D with dom(_F) C D C X and a 
YP^ X -computable extension G : D — > 3^ of F. 

Proof. Since y is Polish, the diagonal set Ay = {(x,x) G y 2 : x G y} is H®. Note 
that graph(F) = (id, F)~ 1 (Ay). Since F is partially S°' X -computable, there is a 
n°< x set P C X x y such that graph(F) = P n (dom(F) x y). 

Claim. Q n = {x G X : diam^P^) < 1/n} is S°' X uniformly in n G w, where 
pH = { y g y : ( X) y) g pj for any a; G X. 

By induction, we show that diam(S) > e is S° ,A uniformly in £°' X sets 5 
and positive reals e. For a = 1, it is clear. Assume that a = f3 + 1. Then, 
5 = \J n&U! T n for a uniform sequence {T„}„ ew of IE' sets, and diam(S') = 
Um n _ ) . 00 diani(U m > ri T m ). Hence, diam(S) > e if and only if diam([J m > n T m ) > e 

for some n G w. This condition is Ea' +1 . A similar argument also works for limit 
ordinals. 

Put D — n„e w Qn- Then, by the above claim, D is n^ +1 . Note that dom(P) C 



D, since P^ is singleton for each x G dom(F). Thus, P (1 (D x y) is the graph of 
a E°' X -computable function extending F with the n a ', x domain I?. D 

We now estimate the complexity of our decomposition. 
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Lemma 3.10. Suppose that represented spaces X and y are Polish, and 2 < a < 
j3 < a ■ 2 < lo^ . Then, we have the following inclusion: 

^ +lj0+1 (x,y)ndecEf^ a) (x,y) c decf +1 ^^ a) (x,y). 

Proof. Assume that F is decomposable into a uniform sequence {F n }„ 6w of E9„^ ,- 

measurable functions. It suffices to estimate the complexity of Q n = {x G dom(F„) : 
F(x) = F n (x)} in X. By Effective Extension Lemma 13.91 we may assume that 
dom(F„) is II ' +2 for some 7 < j3—a. Then, II ' +2 C IE' holds since a > 2 implies 
that 7 < (3-2. Select G n G ify+^Xxy) such that graph (F„) = G n n{dom{F n )xy). 

a q v n y 

Note that a -2 = a + a > (3 implies that p— a < a. Therefore, G„ G II ' +1 C E Q+1 . 
Thus, the function H : X — > E a ' +1 (3^) sending x to G„ is computable (see Brattka 
[3 Proposition 3.2]). Since F is £* +1]/9+1 , by LemmaULl F" 1 oF(x) = F- x (G l £ ] ) 
is S»' 1 uniformly in 1 £ ^ and ?i G w. Let G^j+i: <-f x En', 1 (<-f) — > § be the 
membership relation defined by G^+i (x, S) = 1 if x G S and G,g + i (x, S) = oth- 
erwise, where recall that 8 is Sicrpihski's connected two-point space. Then, Ga+i 
is Eo' +1 -computable. Therefore, 

F„ = (e p+1 o^F-'oH))- 1 ^!}) = {(z,x) ex 2 -.ze F-\GW)} 

is EJ +1 . By definition, G„ = {F„(x)} for any x G dom(F n ). Therefore, we can 

see that z G F~ 1 (Gn ) if and only if F(z) = F n (x). Consequently, Q n can be 
represented as follows: 

Q n = dom(F„) n (id.id)- 1 ^ n A x ) 

Consequently, this set is E»' ; uniformly in n G lo. Let {Q n ,m}m£uj be a uniform 

sequence of n^ sets with Q n = \J meu Qn,m- Then, F \ Q„,m = F n \ Q n ,m for 

each n, m G uj. D 

Corollary 3.11. Lei X G 2" 6e a real. Let <Y and y be represented spaces that are 
X -computably 3/2-isomorphic to u u . For any ordinals a, f3 < ui^ with a < f3 < 
a ■ 2 ; we have the following equality. 

^+i, P+ i(x,y) = decj +1 z?^ a) (x,y). 

Proof. Assume that F is EjJ", 1 g +1 . For a = 0, it is obvious. If a = 1, a < 
/? < a • 2 implies /3 = 1. Then, it is the computable version of the Jayne- Rogers 
theorem proved by Pauly-de Brecht [18]. Thus, we can assume that a > 2. Let 
px '■ uj u —> X and py : w^ — > y be X-computable 3/2-isomorphisms. As in the 
proof of Corollary 13. 8\ we can show that hyFh x l : w w — » u u is E^ +1 ~ +1 . By 
CorollaryE^l hyFh x x G dec x E°'* Then, by LemmaEH we have h y Fh x l G 

y - .fl Jf 1 1 X~ Y 

deCg +1 E {i B z. y Consequently, F = hyhy Fhxh x G decg +1 E^ . z holds since 
hy, h x x G dec^ 3+1 E^ 1 . Conversely, by Lemma |2"1)1 such F is E^ +1 /3+1 . D 

Proof of Theorem, \1.9[ Relativize Corollary 13.111 by using Lemma 12.41 12.51 □ 
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3.4. Open Question. 

Problem 3.12. If X andy are quasi-Polish spaces with small inductive dimensions 
^ oo, does the equality S Q t p — S^"q hold for all countable ordinals a, /3 < u>i ? 

Problem 3.13. Can Theorem ] 1.9\ be generalized to all countable ordinals a, (3 < 
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